The strength functions of giant dipole resonance (GDR) in oxygen 18−24 O, calcium 50−60 Ca, and tin 120−130 Sn isotopes are calculated within the phonon damping model under three approximations: without superfluid pairing, including BCS pairing, and exact pairing gaps. The analysis of the numerical results shows that exact pairing decreases the two-neutron separation energy in light nuclei, but increases it in heavy nuclei as compared to that obtained within the BCS theory. In neutron-rich medium and heavy nuclei, exact pairing significantly enhances the strength located at the low-energy tail of the GDR, which is usually associated with the pygmy dipole resonance.
I. INTRODUCTION
The enhancement of the E1 strength at low energy around the particle-emission threshold of neutron-rich nuclei has been identified as the manifestation of the pygmy dipole resonance (PDR). In the most intuitive and common interpretation, the PDR in a neutronrich nucleus is represented as the oscillation of the weakly-bound neutron skin against the isospin-symmetric core of protons and neutrons. The PDR's nature and properties such as its collectivity, the dependence of its energy-weighted sum of strength (EWSS) have been the subjects of several experimental and theoretical studies in recent years. (See, e.g. Refs.
[ [1] [2] [3] [4] [5] [6] and Refs. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , for some experimental and theoretical works, respectively.) These studies reveal that the nature of the so-called PDR is still an issue open to debate. Is the PDR indeed a collective motion to deserve that name or merely composed of non-collective excitations, remnants at the GDR's low-energy tail like those observed in 18 O? The answers to these questions are currently far from being conclusive. The macroscopic picture, which represents the PDR as a collective oscillation of the neutron excess against the stable core is rather crude. In particular, when the PDR is strongly coupled to the GDR, the presentation of the PDR as a collective oscillation is in principle no longer valid [18] . There are several microscopic calculations in literature showing that the PDR has a non-collective nature (See, e.g. Refs. [11, 19] ).
One of the major issues in the theoretical study of the PDR in medium and heavy nuclei is the discrepancy in the predictions of different approaches regarding the strength and collectivity of the PDR. For example, while the relativistic random-phase approximation (RRPA) seems to predict a prominent peak identified as the collective PDR below 10 MeV in 120,132 Sn and 122 Zr [8, 10] , the results of calculations including monopole pairing within the quasiparticle RPA (QRPA) do not expose any collective states in the low-energy region of the E1 strength distribution for 120,132 Sn [11] . One of the possible sources of such discrepancy may well lie in superfluid pairing.
It is well-known that superfluid pairing plays a crucial role in open shell nuclei in the vicinity of the neutron drip line, where the neutron Fermi surface is located very close to the continuum. However all the theoretical calculations of the PDR so far either neglected pairing, such as the relativistic RPA, or adopted the mean-field pairing. The latter is taken into account within the Hartree-Fock-Bogolyubov (HFB) [12, 15] , Hartree-Fock (HF) + BCS formalisms, or coupling of QRPA particle-hole (ph) states to more complicate configurations like the 2p2h ones within the particle-phonon coupling scheme [11] or coupling to two, three phonon components [19] . Given the progress in the exact solutions of the pairing problem in recent years [20] , it is highly desirable to see how exact pairing affects the PDR as compared to the predictions given by the approaches employing the conventional mean-field pairing gap.
The goal of the present paper is to study the effect of exact pairing on the PDR within the phonon damping model (PDM). The latter was extended to include the pairing gap and applied to calculate the PDR in oxygen and calcium isotopes in Ref. [14] . Within this approach the GDR is generated by a phenomenological phonon with the unperturbed energy ω q . Because of coupling to ph configurations (for closed-shell nuclei) or two-quasiparticle
configurations (for open-shell nuclei), this energy is shifted to the GDR energy E GDR and the GDR also acquires a width Γ GDR . The PDR appears in this model as an enhancement of the strength at low energy (below 10 -12 MeV) in the GDR strength function. By calculating the EWSS of the PDR and comparing it to the GDR energy-weighted sum rule, one can see the contribution of the PDR to the total GDR sum rule. To see the effect of exact pairing, apart from the BCS gap, which was used in the calculations in Ref. [14] , the present paper also employs the exact gap, which is extracted from the exact pairing energy obtained by diagonalizing the pairing Hamiltonian.
The paper is organized as follows. The formalism is presented in Sec. II. The results of numerical calculations for oxygen, calcium and tin isotopes within three schemes, namely without pairing, including BCS pairing, and exact pairing, are analyzed in Sec. III. The paper is summarized in the last section, where conclusions are drawn.
II. FORMALISM A. Quasiparticle representation of the PDM
We employ the quasiparticle representation of the PDM, discussed thoroughly in Ref. [14] , where it was applied to study of the PDR in oxygen and calcium isotopes within the HF+BCS approach. Therefore, we do not repeat the detailed derivation already presented in Ref. [14] , but summarize only the final expressions therein (for the zero temperature case), which are necessary for the calculations in the present paper. Instead of the HF single-particle energies, the present paper employs the single-particle spectra generated by the Woods-Saxon potentials for the isotopes under consideration.
The PDM uses a model Hamiltonian, which consists of three terms. The first term describes the independent quasiparticle mean field with quasiparticle energies E j , the second term stands for the phonon field with phonon energies ω q , whereas the last term treats the coupling between these two fields [See Eq. (1) in Ref. [14] ]. Because of this coupling, the GDR, which is generated by the phonon vibration, acquires a width Γ GDR and an energy shift from the unperturbed energy ω q to the GDR energy E GDR . The propagation of the phonon q under this coupling is described by the Green function, whose final form is
The polarization operator P q (E) is given as
where
jj ′ are the matrix elements of the quasiparticle-phonon coupling, u
the combinations of the u j and v j coefficients of the Bogolyubov's transformation from particles to quasiparticles, E j = (ǫ j − λ) 2 + ∆ 2 are the quasiparticle energies, which are calculated from energies ǫ j of single particles on the spherical orbitals j with the chemical potential λ and pairing gap ∆. Notice that, for the GDR, when ω q ≃ E GDR , the contribution of the second term on the right-hand side of Eq. (2) is negligible compared to that of the first one.
The phonon damping γ q (ω) at real ω is calculated as the imaginary part of the analytic continuation of the polarization operator P q (E) into the complex energy plane, that is γ q (ω) = Im[P q (ω ± iε)] with a sufficiently small value of the smoothing parameter ε. By
given as
The GDR strength function S q (ω) is calculated by definition from the analytic property of the Green function (1), namely
, which finally gives
where the GDR energy E GDR is found as the solution of the equation
whereas the GDR full width at half maximum is defined as
From the above summary it is obvious that the mechanism leading to the damping width of the GDR in Eq. (6) is different from Landau damping. The latter is not a real damping, but simply a deviation from the GDR energy centroid when the GDR is presented as a superposition of ph states. It exists even in the harmonic limit, e.g. the (Q)RPA, where the GDR never damps being a collection of harmonic oscillators. Within the PDM Landau damping would be the case if there were more than one GDR phonon q and all the polarization operators P q (E) in Eq. (1) were zero. This has never been considered within the PDM so far.
The quantity that measures the PDR strength relative to the total GDR energy-weighted sum of strength is given by the ratio
with the strength function S(ω) (4) . The values of E max is determined so that, within the interval 0 ≤ ω ≤ E max , the integrated cross section σ GDR for stable isotopes exhausts the 
which describes a system of N particles interacting via a monopole-pairing force with a constant parameter G and having single-particle energies ǫ j , generated by particle creation operators a † jm on the spherical j-th orbitals with shell degeneracies 2j + 1. This approach does not produce a pairing gap by itself, because the latter is a mean field concept. To mimic the mean-field pairing gap a pairing gap is introduced as [Cf. Eq. (18) of Ref. [21] and the discussion therein.]:
where f ex j are the exact single-particle occupation numbers [Eq. (4) of Ref. [21] ]. Being constructed based on the exact eigenvalues of the paring problem, the gap (9) is referred to as the exact pairing gap hereafter.
The exact chemical potential is calculated from the definition
where E(n) is the exact (ground-state) energy of the system with n particles. Given the exact chemical potential λ ex and pairing gap ∆ ex , we calculate the exact quasiparticle energies
Within the same approximation, the coefficients u j and v j are replaced with their exact coun- should be understood as a modification or improvement of the conventional BCS quasiparticle excitation. The justification for such an approximation can be seen in the cases where both the exact and the particle-number projected BCS gaps are possible (including the corrections owing to coupling to the selfconsistent QRPA). By using the same value of the pairing interaction parameter G and the same single-particle space, these pairing gaps are rather close to each other and behave similarly as functions of excitation energy (or temperature), especially at T ≤ 2 MeV. (See Fig. 1 of Ref. [21] .)
III. ANALYSIS OF NUMERICAL RESULTS

A. Ingredients of the numerical calculations
The neutron and proton single-particle energies for 130 Sn, respectively. All the levels within the selected sets are assumed to have the same pairing gap ∆ ex and the corresponding exact single-occupation numbers f ex j . The orbitals beyond these selected sets are assumed to have no pairing, i.e. f ex j = 1 and 0 for j-th orbital located below and above the Fermi level, respectively. As for the BCS calculation of the pairing gap, the above-mentioned entire single-particle spectra are used because of two reasons. First, no limitation is required on the configuration space within the BCS theory.
Second, the BCS gap obtained in the full single-particle spectra is the one, which is often used in various calculations of the PDR that include pairing correlations. The values of G employed in the BCS and in the diagonalization of the pairing Hamiltonian (8) as well as the neutron pairing gaps themselves are plotted against the neutron number N of the isotopes under study in Fig. 2 . The values for G used in the BCS calculation are naturally much smaller than those used in diagonalizing the pairing Hamilatonian (8) to obtain the exact pairing gap because the BCS calculation is extended to the entire single-particle spectrum to give the same pairing gap obtained within a much smaller configuration space in the diagonalization.
The BCS E j and exact quasiparticles energies E ex j for the selected neutron orbitals employed in the diagonalization of the pairing Hamiltonian are plotted against the neutron number N for oxygen, calcium and tin isotopic chains in Fig. 3 . The effect of exact pairing on the quasiparticle energies is noticeable for oxygen isotopes, whereas it is quite weak for calcium and tin isotopes. A comparison between the BCS and the exact two-quasiparticle energies E 1 + E 2 of two lowest quasiparticle states (|1 , |2 ) with the difference E ∆ ex in Fig. 2 (a) . From Fig. 4 it is seen that the exact two-quasiparticle energy E [26] .)
The PDM assumes that the matrix elements F ↓ at zero temperature (T = 0) comes from coupling of 1p1h to more complicate configurations such as the 2p2h ones, whereas the PDM phonon has no 1p1h structure, the parameter F 1 is generally selected to reproduce the GDR experimental width at T = 0, which is essentially the sum of the spreading width Γ ↓ and the escape width Γ ↑ . The latter comes from coupling to continuum and is in the order of few hundred keVs.
It is effectively included via the smoothing parameter ε in Eq. (3) within the PDM. This smoothing parameter is usually taken equal to 0.5 MeV. Applying the above-mentioned principle of selecting F 1 , we choose the two schemes of parameter selection as follows:
For each isotope chain the parameter F 1 is chosen to reproduce the experimental GDR , and F ex 1 are then used in calculations for all other tin isotopes. This scheme is referred to as "parameter selection I" hereafter.
II) Width fitting:
In this scheme, for each isotope the values F BCS 1 and F ex 1 are readjusted to obtain the same GDR width, which is given by the calculations using the value F 1 (without pairing) in the same isotope. We refer to this scheme as "parameter selection II".
Regarding the GDR energy, the solution of Eq. (5) is usually required in calculations of the GDR width at finite temperature (T = 0) [23, 27] to ensure that, by choosing an appropriate value of the parameter F 2 = F (q)
hh ′ of coupling to pp and hh configurations at T = 0, the solution of Eq. (5) does not deviate strongly from the GDR energy E GDR as T varies, in agreement with the experimental systematics for GDR energy in hot nuclei. The present work considers only the zero temperature case (T = 0), where the term containing the parameter F 2 vanishes because n p −n p ′ = n h −n h ′ =0 (see the discussion after Eq. (15) in Ref. [14] ). So there remains only coupling of GDR phonon to particle-hole configurations, that is parameter F 1 . Therefore, one can either choose the unperturbed phonon energy ω q close to E GDR and solve Eq. (5) to obtain the solution equal to E GDR , or simply use the energy E GDR directly in Eq. (4) without the need of choosing ω q and solving Eq. (5).
Alternatively, if one fixes ω q at the value chosen for
18 O e.g., and uses it for all other oxygen isotopes to solve Eq. (5), as has been done in Ref. [14] , the GDR energy E GDR will change slightly with A as shown in Table I of Ref. [14] . This does not change the GDR width (6) as it depends neither on ω q nor E GDR . Because not every experimental value of E GDR for neutron-rich isotopes is known and because a shift by around 1 MeV in the GDR energy E GDR does not really affect the PDR, we avoid choosing ω q and solving Eq. (5) in the present paper for simplicity, and assign E GDR for oxygen isotopes to be equal to the experimental GDR energy in 18 O, which is 23.7 MeV [28] . For calcium and tin isotopes the empirical fitting E GDR = 31.2A −1/3 + 20.6A −1/6 for medium and heavy nuclei is adopted [29] . slightly smaller than the BCS value in heavy nuclei (tins). In other words, exact pairing decreases the two-neutron separation energy in light nuclei, but increases it in heavy nuclei, as compared to the BCS one. The difference between the effect of exact and BCS pairings on the occupations numbers is stronger in light nuclei (oxygens), whereas in heavy nuclei (tins) it is rather small. In all the cases considered here, f ex j is always larger than v 2 j for the level closest to the Fermi surface. They also demonstrate that the single-particle levels selected for the diagonalization of the pairing Hamiltonian (8) are reasonable because, beyond them, give a significant effect on the PDR as will be seen in the next section.
To double check that the selected single-particle levels are sufficient for exact pairing, with dot-dashed lines). This is an additional confirmation that the selected single-particle levels are sufficient to obtain the adequate exact pairing for the isotopes under consideration.
C. E1 strength function
The values are not much different from F 1 , whereas for neutron-rich oxygen and tin isotopes they are significantly smaller than F 1 . These results confirm the observation in microscopic calculations using the effective interactions, such as various types of the Skyrme force, that one cannot adopt the same parameter set fixed for stable nuclei, at least in calculations of GDR for nuclei close to the neutron drip line. The most important feature seen in Figs. 10 -12 is the enhancement of the PDR under the effect of pairing. This effect is particular strong when exact pairing is used for medium and heavy nuclei with larger A, as displayed in Fig. 14, which shows that the PDR obtained by using exact pairing exhausts from around 4.5 to 7% of the total GDR integrated cross section for tin isotopes, and it becomes stronger with increasing A. Meanwhile those obtained without pairing and including BCS pairing contribute only around 2 -3% to the total EWSS of GDR.
Predictions by using parameter selection II
The GDR strength functions obtained by using the parameter selection II are shown in Figs. 15 -17 for oxygen, calcium, and tin isotopes respectively. As compared to those predicted by using the parameter selection I, the shapes of the GDR obtained including BCS and exact pairing gaps significantly change because they now have the same width as that of the GDR obtained without pairing. The PDR contribution to the total GDR integrated cross section obtained by using exact pairing becomes slightly larger (around 4%) for 22, 24 O as compared to the case when the BCS gap is used (Fig. 18) . Particularly stronger becomes the PDR obtained including pairing for calcium isotopes, where the ratio σ P DR /σ GDR is between 1.5 and 2% in the BCS case and between around 2.8 and 3.5% in the exact pairing case for 54−60 Ca. Meanwhile, within the parameter selection I this ratio does not exceed 2.4% by using exact pairing. The increase of GDR splitting with A for calcium isotopes is also much stronger than that predicted by using the parameter selection I (Fig. 16 ). For tin isotopes, pairing obviously enhances the EWSS of the PDR but this enhancement does not seem to strongly depend on the mass number A. The ratio σ P DR /σ GDR for tins is between 4.5 and 5% in the case with exact pairing, and between 2.6 and 3% when the BCS gap is employed.
It is worth mentioning that, in Ref. [14] , the Hartree-Fock method with two versions of Skyrme interaction, SGII and SIII, was employed to generate the single-particle energies. The results obtained for the GDR therein are qualitatively similar to those of the present paper, which are also comparable to the predictions by state-of-the-art microscopic approaches such as those quoted in Fig. 4 of Ref. [14] and in Ref. [12] . This gives us the justification and confidence in the description within the PDM in the present paper. Last but not least, as has been mentioned earlier in Sec. III A, the BCS gaps used in the calculations of the strength functions (the (brown) thin solid lines in Figs. 10 -12, 15 -17) are obtained by solving the BCS equations within the entire neutron single-particle spectra, whereas the exact gaps are calculated in the limited single-particle spaces because the sizes of matrices to be diagonalized cannot be too large. A question naturally arises on how the use of the same configuration space in both BCS and exact calculations of the pairing gaps affects the comparison. The answer to this question is given in Fig. 19 , where the E1 strength functions obtained by using the BCS and exact pairing gaps in 20 O are plotted. In Fig. 19 (a) the result obtained by using the BCS pairing gap in the entire neutron singleparticle spectrum is compared with that obtained by using the BCS calculated in the limited space, the same as that employed in the exact diagonalization ((purple) dotted line). For the latter, the pairing interaction parameter G is reduced by around 24% to retain the same value of the BCS gap. Because the u j and v j coefficients for the levels outside this limited space become 1 (0) and 0 (1), the parameter F 1 has to be increased by 92% so that the width of the strength function remains the same. The comparison clearly shows that the use of the BCS gap obtained in a small configuration space is not able to produce any noticeable PDR structure. Instead the strong quasiparticle-phonon coupling F 1 spreads out the low-energy part of the E1 strength function into a long tail down to very low energy. The comparison in Fig. 19 (b) shows a different picture. Here, to produce the (blue) dash-dotted line, the exact pairing gap obtained by exact diagonalization in the limited configuration space is extended to all the neutron single particle levels outside the set by assuming that they all have the quasiparticle energies given in Eq. (11) . The value of F 1 is reduced only by 20% in this case so that the width of the strength function remains unchanged. By comparing Figs.
19 (a) and 19 (b), one can see that the slight difference between the (red) thick solid and (blue) dash-dotted lines in Fig. 19 (b) is a further justification for the preference of using the exact pairing gap to describe the PDR in neutron-rich nuclei.
IV. CONCLUSIONS
The present paper studied the effect of superfluid pairing on the PDR in light, medium and heavy neutron-rich oxygen, calcium and tin isotopes. Beside the conventional BCS gap, the exact pairing gap obtained by diagonalizing the pairing Hamiltonian is also employed to calculate the strength function of the GDR in these nuclei within the framework of the PDM. Two sets of parameter selection of the PDM are adopted. In the first set, the values for the parameter of quasiparticle-phonon coupling are chosen to describe the GDR in stable it in heavy nuclei as compare to that obtained within the BCS theory;
2) Exact pairing significantly enhances the PDR in medium (calcium) and heavy (tin) nuclei, whereas the BCS pairing causes a much weaker effect as compared to the case when pairing is neglected. This observation indicates that BCS pairing might not be sufficient to describe the PDR in medium and heavy neutron-rich nuclei;
3) The significant change in the line shape of the GDR with increasing the mass number A, which takes place within the calculations using parameter selection I, indicates that the values for the model's parameters cannot be kept fixed when the calculations are extended to the nuclei in the vicinity of the neutron drip line. This includes the parameters of the nuclear mean field such as the parameters of the Woods-Saxon potential or the parameters of effective interactions such as various Skyrme types, which are used in microscopic calculations of the GDR and PDR.
The obtained results may serve as a hint to clarify while several microscopic approaches, mentioned in the Introduction, are in disagreement regarding the strength and fine structure of the PDR. The present paper also emphasizes the necessity of using exact pairing, whenever possible, instead of the BCS one or the HFB average pairing gap in the future study of the PDR.
The results of this work also demonstrates that, albeit being a semi-microscopic model with phenomenological assumptions for the parameter of GDR coupling to ph configurations, the PDM is able to give reasonable predictions for the GDR as well as PDR, which are qualitatively similar to those offered in the state-of-the-art microscopic approaches. The drawback of the PDM is that it is a simple model with phenomenological parameters; therefore, it does not allow a quantitative study of the structure of the PDR such as its collectivity and transition densities. In order to carry out this task, the GDR phonon should be made as a collective superposition of two-quasiparticle states within a microscopic framework such as the QRPA by using some effective interaction such as the Skyrme force. By solving the corresponding set of QRPA equations one can determine the structure of the GDR phonons, namely their energies and the corresponding QRPA X and Y amplitudes. This project is now under consideration and we hope to report the results in a forthcoming study.
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